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Abstract
This paper investigates the performances of GMM estimates using kernel methods with and
without prewhitening and the VARHAC method in a representative agent exchange
economy. A Monte Carlo study is conducted to evaluate the issues of estimating the spectral
density functions, e.g., parametric vs. nonparametric, data−based bandwidth selection, and
prewhitening procedures. The Monte Carlo results show that kernel methods with
prewhitening procedure outperform others in terms of statistical inferences. The deviations
from true parameter values, however, are larger for kernel methods with prewhitening
procedure. Therefore, there exists efficiency/bias trade−off when choosing HAC covariance
estimation method.
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1. Introduction 
In a representative agent exchange economy, a certain type of asset pricing model is 
proposed by Lucas (1978) with a set of Euler equations of per capital consumption in the 
equilibrium. Empirical works on the set of Euler equations and the budget-constraint (or 
market-clearing) conditions raise problems on how to calibrate the economy in a reasonable 
set of parameter values (e.g., Mehra and Prescot 1985, Hall 1988, Tauchen 1986, and 
Kocherlakota 1990). Fundamentally, there are two approaches to find the estimates of 
parameters. The first approach is to estimate the reduced-form model with restrictions using 
the maximum likelihood estimation (MLE), and the second approach is to estimate the model 
using the generalized method of moments (GMM). The former approach needs researchers to 
assume or plug in a specific distribution and economic dynamics, while the latter approach 
does not need to do so. Ever since the seminal paper of Hansen (1982), the GMM estimation 
method has been commonly used in many applied research works. The merit of the GMM is 
that it requires certain specific moment conditions instead of assumed distributions. Thus, the 
linear and non-linear models are easier to be taken care of within the GMM framework. 
Given the GMM estimation, the non-linearity of a model is captured through the weighting 
matrix (i.e., variance-covariance matrix of orthogonality conditions). Consequently, an 
optimal weighting matrix results in efficient GMM estimates in terms of statistical inferences 
and model specification.   
The generalized method of moments is widely used in the asset pricing models (e.g., 
Hansen and Singleton 1982, Kocherlakota 1990, Epstein and Zin 1991, MacKinlay and 
Richardson 1991, Hodrick 1992, and Cochrane 2001). The essence of the estimation of the 
weighting matrix in the GMM is the estimation of the spectral density function (at the 
frequency zero). The issue is important, because the performance of the GMM estimators or 
test statistics (e.g., test for over-identification) can be sensitive to the quality of the spectral 
density estimates. It is known in the literature (e.g., Ferson and Foerster 1994, Hansen, 
Heaton, and Yaron 1996, and Kan and Zhou 1999) that the GMM may perform poorly if one 
uses a poor spectral density function to estimate the weighting matrix. Cochrane (2000, 2001), 
in fact, points out that the only important comparison is not between the MLE and GMM, but 
between methods for estimating spectral density functions (at the frequency zero).   
The purpose of this paper is to examine the performances of parameter estimates of the 
asset pricing model under different spectral density functions using the GMM procedure. At 
the same time, the issue of how to choose a consistent heteroskedasticity and autocorrelation 
covariance (HAC) matrix in the asset pricing model is considered herein. Andrews (1991) 
considers the kernel estimator of the HAC with an automatic optimal data-dependent 
bandwidth selection in an asymptotic truncated mean squared error criterion. Newey and 
West (1994) suggest an alternative way to search for the optimal bandwidth automatically. In 
addition, Andrews and Monahan (1992) consider the pre-whitening kernel-based HAC 
estimator which can reduce the bias of the kernel HAC estimator, as the pre-whitening 
procedure may flatten the uneven part of the spectral density function and obtain an unbiased   2
kernel estimator. Therefore, this paper also investigates the effects of pre-whitening on the 
kernel-based HAC estimators. 
In contrast to the usual HAC estimators that focus on kernel methods, Den Haan and 
Levin (1998) propose a method, called VARHAC, to construct a HAC estimator using the 
vector autoregressive spectral estimation. The basic idea behind the VARHAC method is to 
filter errors using VAR models first so as to obtain pre-whitened errors and then calculate the 
HAC covariance matrix through the covariance matrix of those pre-whitened errors. Their 
simulation results show that the VARHAC covariance estimator outperforms kernel-based 
HAC estimators given a high-order autoregressive error structure. Therefore, the VARHAC 
method is of interest in this paper to serve as a comparison with the kernel methods. The 
study starts with simulated economic data under different experimental settings in a 
Lucas-typed asset pricing model. The GMM procedure is then applied to the simulated data. 
For each experiment, 1000 replicates are performed randomly for sample sizes of 50 and 100, 
respectively, in order to provide reliable inferences. 
The remainder of this paper is organized as follows:  Section 2 describes the HAC 
estimation methods. Section 3 discusses the model economy and the experimental design. 
Section 4 compares the performances among distinct HAC estimators through different 
aspects. Finally, section 5 concludes. 
 
2. The GMM Procedure and Estimation of Variance-Covariance Matrix 
The GMM estimates the unknown parameter, e.g., θ = [ ] ,' β γ , by minimizing a 
quadratic norm of the orthogonality condition,  ) (θ T g , i.e., a weighted sum of squared 
pricing errors: 
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) ( θ θ  which is the sample mean of the 
pricing errors. The orthogonality condition for the asset pricing model can also be derived 
from the pricing errors,  () θ t e , using the vector of instrumental variables,  t z . Constructing 
orthogonality conditions using instrumental variables is the same as adding the returns of 
managed portfolios to the model and hoping to capture all of the model’s predictions 
(Cochrane 2001, p. 198). We then write the orthogonality conditions as: 
0 )] ( [ ] ) ( [ = = ⊗ θ θ t t t g E z e E ,  (2)
where  ⊗  is the Kronecker product. 
The instrumental variables employed in the paper consist of a conforming vector of ones 
and lag one values of consumption growth,  t w , and asset returns,  t R . That is, the vector of 
instrumental variables,  t z , is defined as [ ] 11 1, , ' tt wR −− .  Hansen’s  J-statistic is used as a 
specification test to examine whether the model fits well for the data. The J-statistic   3
represents whether the pricing errors are too big or not if the model is true, i.e.: 
** () () tT t JT g W g θ θ ′ =   (3)
The J-statistic converges to a 
2 χ distribution with degrees of freedom equal to the difference 
between the number of moments and the number of parameters. 
The optimal weighting matrix can be shown (e.g., Hansen 1982) to be  ,
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  are usually serially correlated and 
then the weighting matrix is misleading and inconsistent. Therefore, as in Tauchen (1986), we 
assume that consumption growth and dividend growth are negatively auto-correlated in our 
Monte Carlo experiments below.   
Andrews (1991) considers a consistent HAC estimator of the spectral density function at 
the frequency zero using kernel methods with an automatic bandwidth selection. The HAC 
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where  T S
~
 is the estimated variance-covariance matrix,  t V  is the interested vector or the 
error vector which equals  ( ) t g θ   as of equation (2) in the GMM estimation in this paper, k is 
a kernel function, and  m ~   is the bandwidth. The optimal bandwidth is shown to be:   
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where K is a commutation matrix transforming vec(A) to  ) ( ′ A vec , and  ω   is a weight matrix. 
The term  q c  is a constant depending on the chosen kernel function. For the quadratic 
spectral (QS) kernel,  q c   is equal to 1.3221. 
On the other hand, Newey and West (1994) propose an alternative HAC estimator for 
estimating the optimal bandwidth from truncated sample autocovariances:   
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where n is the lag selection parameter depending on the kernel function. Their Monte Carlo 
simulation results suggest that their procedure performs well although there is size distortion 
and the selection of bandwidth may be more important than the choice of kernel functions. 
Andrews and Monahan (1992) conversely show that the pre-whitening procedure is able to 
effectively reduce the bias of the kernel estimator and improve the confidence interval’s 
coverage probabilities. 
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where  ˆ
p A  is usually obtained using the ordinary least squares estimation by assuming that 
all elements in  t V   have the same number of AR lags. Moreover, Den Haan and Levin (1998) 
offer a VAR (Vector Autoregressive) procedure to calculate the HAC covariance matrix, 
called VARHAC. Their procedure pre-whitens error vectors (or interested vectors) by first 
using the VAR filter and then calculating the desired variance-covariance matrix through the 
HAC covariance estimate of pre-whitened errors. 
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where  t e ˆ  is a filtered error vector,  ˆ
j A  is the coefficient matrix with  0 ˆ A  equal to the 
identity matrix, and  p   is the maximum lag order. The coefficient  ˆ
j A   is obtained using the 
ordinary least squares estimation by allowing that each element in  t V  may have a different 
number of AR lags in its own past and the other elements. That is, equation (8) can be a 
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The major difference between the VARHAC and the pre-whitening kernel-based HAC is 
that the VARHAC obtains the covariance of filtered errors using the standard sample variance   5
method, while the pre-whitening kernel-based HAC obtains the covariance of pre-whitened 
residuals using the kernel-based procedure. It is noted that the objective of using the 
pre-whitening procedure in the pre-whitening kernel-based HAC is to flatten the relevant 
portion of the spectral density function, but not to actually pre-whiten the original series, 
while the VAR filter in the VARHAC is employed to obtain whitened original series. 
 
3. The Simulation Economy 
Following suit with Lucas (1978), Breeden (1979), and Tauchen (1986), a representative 































where  β   is the discount rate, c is the consumption, and  γ   is the coefficient of relative risk 
aversion (CRRA). Therefore, under a complete and frictionless market, the asset returns can 
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where  it v   is the price-dividend ratio for asset i at time t and  it x   is the dividend growth 
variable for asset i at time t. Given the price-dividend ratio, the consumption growth, and the 
dividend growth, the equilibrium in the economy is found to be  ] ) 1 [( 1 1 1 +
−
+ + + = it t it it x w v E v
γ β . 
The pricing error function can now be defined as  1 ) ( 1 1 − =
−
+ +
γ β θ t t t w R e . 
The experiments conducted here follow the setup of Tauchen (1986) in which the 
stochastic processes of consumption growth and dividend growth are assumed to be the 
following autoregressive processes of order 1, respectively. That is: 
t t t t
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where  t 1 ε  and  t 2 ε   are random variables of the jointly normally-distributed white noises. 
We approximate this system using the N-state Markov chain for Ν=16 as in 
Kocherlakota (1990), since Kocherlakota shows that a 16-state Markov chain is good enough 
to capture the real economic system. Table 1 illustrates the parameter values employed in 
each experiment. The experiments 1, 2, 3, and 4 follow the same fashion as experiments 9, 10, 
11, and 12 in Tauchen (1986), but we adopt the parameter values in Kocherlakota (1990). 
There are 1,000 replications generated for each experiment with sample sizes of 50 and 100. 
The initial state is also drawn from the stationary distribution of the Markov chain. 
 
4. Monte Carlo Results 
Table 2 reports the mean values and standard deviations of estimated discount rates and 
CRRA in panels A and B, respectively. The point estimates of the discount rate are biased   6
downward for Models 1–4. In general, the standard errors of estimates using the kernel 
methods with pre-whitening are uniformly larger than using the kernel methods without 
pre-whitening and the VARHAC. This indicates that estimators generated using kernel 
methods with pre-whitening are spread wider than other methods. At the same time, the 
standard errors become larger when the parameter values are bigger. Furthermore, the 
standard errors of estimates are reduced when the sample size increases from 50 to 100. 
Table 3 shows that the mean biases of the estimated discount rate and CRRA are biased 
downward for most of the experiments. The mean biases of the estimated CRRA, however, 
are biased upward in experiment 4 of size 50 and experiments 2 and 3 for the kernel methods 
without pre-whitening and the VARHAC. On the other hand, the estimates of kernel methods 
with pre-whitening diverge more than the other methods. The root mean squared errors 
(RMSE) of the discount rate and CRRA estimates are larger for kernel methods with 
pre-whitening than for kernel methods without pre-whitening and the VARHAC. In addition, 
the results of the mean absolute deviations of estimated betas indicate that kernel methods 
with pre-whitening produce a larger deviation from the true value than kernel methods 
without pre-whitening and the VARHAC. Consequently, the kernel methods with 
pre-whitening produce more biases and tend to generate downward estimates. 
Table 4 reports the coverage rates of estimated discount rates and CRRA at a 95% 
confidence interval. In general, kernel methods with pre-whitening have larger coverage rates 
than kernel methods without pre-whitening. Within pre-whitening methods, NW (Newey and 
West 1994) with pre-whitening and AM (Andrews and Monahan 1992) perform better than 
the VARHAC in all cases, especially in experiments 2, 3, and 4 of the actual economic 
parameter settings. For example, in experiment 4 which does not allow AR(1) 
inter-dependence between consumption and dividend growths, the differences in coverage 
rates between kernel methods with pre-whitening and the VARHAC method are much larger, 
while the magnitude of differences is not so much in experiment 3 which allows 
inter-dependence between consumption and dividend growths. This indicates that the 
VARHAC method works better when data are actually dependent in the true data generating 
process, but the method turns worse when data turn out to be less correlated. The coverage 
rates also rise when the sample size increases from 50 to 100, which upholds the belief that 
the larger sample size introduces more confidence in statistical inferences. For the rejection 
rates of the J-statistic, it is found that kernel methods with pre-whitening generally have 
values under 5% while the kernel methods without pre-whitening and the VARHAC have 
values larger than 5% in some experiments. Consequently, using pre-whitening HAC 
estimators in GMM models can deduce much more reliable model specification inferences. 
As for the bandwidth estimates, Table 5 presents the mean values of them. In general, 
the Andrews method without pre-whitening has much smaller bandwidth estimates than the 
rest of the kernel methods. Within the pre-whitening kernel methods, the NW (Newey and 
West 1994) method tends to need larger bandwidth than the AM (Andrews and Monahan 
1992) method. For the VARHAC, the AIC lag selection rule generates larger lag orders than   7
the BIC lag selection rule. This corresponds with conclusions from Shibata (1976) and Den 
Haan and Levin (2000) that AIC tends to exaggerate the lag order penalty function and 
suggests more lags than BIC. 
 
5. Conclusion 
Based on simulated economic data in the asset pricing model of a representative agent 
exchange economy, we examine GMM performances of different HAC estimators by 
employing kernel methods with an automatic bandwidth selection and the VARHAC method. 
The findings indicate that kernel methods with a pre-whitening procedure (Newey and West 
1994, and Andrews and Monahan 1992) possess larger coverage rates of parameter estimates 
than kernel methods without pre-whitening (Newey and West 1994, and Andrews 1991) and 
the VARHAC (Den Haan and Levin 1998) method. This suggests that there are efficiency 
gains if the research objective focuses on the statistical inferences when using kernel methods 
with pre-whitening. On the other hand, kernel methods without pre-whitening and the 
VARHAC method produce parameter estimates with smaller biases than kernel methods with 
pre-whitening. Therefore, there exists an efficiency/bias trade-off on the choice of the HAC 
estimation methods.   8
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Table I.    Parameter Settings of the Model Economy 
Experiment  Gamma  Beta  AR Coefficient  Error Covariance  Intercepts 
          
1 13.7  1.139  0.117    0.414 
0.017  -0.161 
0.0140  0.00177 
0.00177  0.0012 
0.004 
0.021 
2 13.7  1.139  0.117    0.000 
0.000  -0.161 
0.0140  0.000 
0.000  0.0012 
0.000 
0.000 
3 13.7  1.139  0.117    0.414 
0.000  -0.161 
0.01  0.000 
0.000  0.0012 
0.000 
0.000 
4 13.7  1.139  0.117    0.000 
0.000  -0.161 
0.0140  0.00177 




Table II.    Means and Standard Deviations of Estimated Discount Rate and CRRA 
Panel A: Estimated Discount Rate 
Exp Size  Pre  Non-Pre  VARHAC 





































































































Panel B: Estimated CRRA 
Exp Size  Pre  Non-Pre  VARHAC 
   NW  AM  NW  AW  AIC  BIC 




































































































Based on 1000 replications. Standard deviation is in the parenthesis. Exp: experiment; Size: sample size; CRRA: Constant Relative Risk 
Aversion; Pre: estimators with pre-whitening; Non-Pre: estimators without pre-whitening; NW: Newey and West (1994); AM: Andrews and 
Monahan (1992); AW: Andrews (1991); VARHAC: vector autoregressive HAC, Den Haan and Levin (1998).   11
Table III.    Mean Biases, RMSE, and Mean Absolute Biases of Estimated Discount Rate and CRRA 
Panel A: Estimated Discount Rate 
Exp Size  Pre  Non-Pre  VARHAC 
   NW AM NW AW AIC  BIC 




















































































































































Panel B: Estimated CRRA 
Exp Size  Pre  Non-Pre  VARHAC 





















































































































































Based on 1000 replications. RMSE is in the parenthesis. Mean Absolute Deviation is in the bracket. Deviation = (estimate - true value); Exp: 
experiment; Size: sample size; CRRA: Constant Relative Risk Aversion; Pre: estimators with pre-whitening; Non-Pre: estimators without 
pre-whitening; NW: Newey and West (1994); AM: Andrews and Monahan (1992); AW: Andrews (1991); VARHAC: vector autoregressive 
HAC, Den Haan and Levin (1998).   12
Table IV.    Coverage Rates and Rejection Rates of Estimated Discount Rate and CRRA   
Panel A: Estimated Discount Rate 
Exp Size  Pre  Non-Pre  VARHAC 





































































































Panel B: Estimated CRRA 
Exp Size  Pre  Non-Pre  VARHAC 





































































































Based on 1000 replications. Coverage Rate is of a 95% confidence interval. Rejection rate at the 5% level is in the Parenthesis. Exp: 
experiment; Size: sample size; CRRA: Constant Relative Risk Aversion; Pre: estimators with pre-whitening; Non-Pre: estimators without 
pre-whitening; NW: Newey and West (1994); AM: Andrews and Monahan (1992); AW: Andrews (1991); VARHAC: vector autoregressive 
HAC, Den Haan and Levin (1998).   13
Table V.    Mean Values of Bandwidths and Lag Orders in VAR Filters 
Exp Size  Pre  Non-Pre  VARHAC 
  NW AM NW AW  AIC  BIC 
50 4.4885 3.9665 4.2796  1.7312  0.5720  0.0210  1 
100 4.5012  4.9627  3.8980 1.5087  0.6000  0.0100 
50 6.6134 3.9711 5.1715  1.4726  0.4680  0.0080  2 
100 6.3871  5.1266  4.5786 1.5393  0.2650  0.0000 
50 4.0218 4.4788 4.1235  1.4304  0.5060  0.0050  3 
100 4.3711  5.102  3.9146 1.2582  0.4080  0.0100 
50 4.3950 4.4247 4.5540  1.4081  0.6380  0.0070  4 
100 4.1787  5.0351  4.0700 1.3276  0.5720  0.0030 
Exp: experiment; Size: sample size; Pre: estimators with pre-whitening; Non-Pre: estimators without pre-whitening; NW: Newey and West 
(1994); AM: Andrews and Monahan (1992); AW: Andrews (1991); VARHAC: vector autoregressive HAC, Den Haan and Levin (1998). Lag 
orders of the first instrumental variable in the AIC and the BIC are reported.   
 